
 Fieldsotfroections

R has a special relationship to Namely IQ is the set
Fla beR b10 i e Q is 7 along w inverses for each element

is called thefieldof fractions of Tl We can define this more
generally

Def let R be an integral domain The fieldoffractionsF of R
is the set

F f a beR b10 w f de ad ab

This is a ring w operations f Ed adbt and F Ed bag

In fact F is a field since for f to F tat l so nonzero

elements are units

R is naturally a subring of F via the map R F defined
t T This is in fact an injection since 4 0 t O

Ex The field of fractions of Ex is the set of natural
functions gt f and g polynomials eg is a

rational function

If R is an int domain F its field of fractions then RED C FED
FED is a Euclidean domain and thus a UFD so any f cFED



can be factoreduniquely into a product of irreducibles

A natural question is can we do the same in RED i e is
RCD a UFD If R is not a UFD then the constants inRCD
can't be uniquelyfactored so RCx is not a UFD

However if R is a UFD then 12Ex is To showthis we

first need the following important result

Gaussilenm.ci let R be a UFD with field of fractions F
let p x c RGD If p x is reducible in FCx then it's
reducible in RED

Note that this implies that if a polynomial with integer
coefficients can'tbe factored over 7 then it can'tbe factored
over IQ

PfotGaussilemmai Suppose p x A x BK for some

nonconstant polynomials A x B x c FED

Multiplying through by a common denominator for the coefficients

we get dp x a x b x for a x b x c RCD de Rnonzero

If d is a unit in R we're done since p x d a x b a



Thus assume d is not a unit We can write it as a productof
irreducible in R d pi pin

Then pi ER is prime so p RG is prime as well and
ftp.R is an integral domain

Looking at the image of dpCx a x b x in MpRCD we

get 0 a x b x Thus one of the factors say at
must be 0 This means all the coefficients of a x are

divisible by p so f a x hascoefficients in R

That is we can cancel a factor of p from d and from a'Cx

in dp x a x b'G and still have an equation in RCD

We can use the same method to cancel all the factors of
d and end up w pCx a G box where acxbbfxjcRCD.IT

Note that the converse doesn't holdsince elements of R are

not always units and can thus be irreducible

Ex 7 14 71 2 is reducible in 7Cx but not in CD since

I C Ex is a unit

However we getthefollowing partial converse



Cer Let R be a UFD and F its field of fractions let p x cRG
Suppose the gcd of the coefficients is 1 Then p x is

irreducible in RCD if and only if it's irreducible in F x

PI By GaussLemma if p x is reducible in FCD it's
reducible in RED Conversely if it's reducible in RED then
since the gc d of the coefficients is I p x a x b x where

neither a ou b is constant Thus a and b aren't units in
FCx D

Now we can provethe main theorem of the section

theorem R is a UFD e RED is a UFD

PI We already saw that REX a UFD R a UFD

Conversely suppose R is a UFD and F its field of fractions
let p x c RED be nonzero let d be the gc d of the

coefficients of pCx so that p x Dp a where the g c d of
the coefficients of p x is 1

Since d can befactored uniquely in R we just need to show
P x can be factoreduniquely in RCT That is we can just
assume the g cd of the coefficients of PG is 1 and that

degp x O



FED is a UED so p x can befactored uniquely into
irreducible in FGM Thus there is a factorization in RED
whose factors are F multiples of the factors in FCx

Since the gc d of the coeffs of pbx is I the g c d of

the welts in the factors must be 1 By the previous corollary
each of these factors is thus irreducible in RCD

For uniqueness assume pCx g x qr x g x qjCx are

twofactorizations into irreducible The gc d ofthe welts of each of
the factors is thus 1 so they each have positive degree

Eachfactor is irreducible in F x whichimplies r s and up to

rearrangement of the factors q x f q x a be R

Thus boy x a q x but since the coeffs have g c d I
a u b u c R a unit Thus I U which proves uniqueness.D

Ceo R a UFD REX xD a UFD


